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abstract

This article proposes a new approach to testing for the hypothesis of a single
priced risk factor driving the term structure of interest rates. The method does not
rely on any parametric specification of the state variable dynamics or the market
price of risk. It simply exploits the constraint imposed by the no-arbitrage con-
dition on instantaneous expected bond returns. In order to achieve our goal, we
develop a Kolmogorov-Smirnov test and apply it to data on Treasury bills and
bonds for both the United States and Spain. We find that the single risk factor
hypothesis cannot be rejected for either dataset.
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Dynamic models of the term structure typically derive explicit formulas for

default-free bond prices as a function of a set of parameters and a small number

of state variables. This enables the pricing of discount and coupon bonds as well as

bond derivatives at any point in time.
A particularly appealing class of dynamic term structure models is the affine

family, studied in its general multivariate form by Duffie and Kan (1996). In these

models, the short rate is assumed to be linear in the state variables, whose
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dynamics are governed by a multivariate diffusion with linear drift and linear

variance structure. Duffie and Kan (1996) show that, if the price of risk for each

factor is also linear in the factor diffusion, then zero-coupon bond prices are

exponential affine in the state variable vector and yields to maturity are linear in

the state variables.

Despite the popularity of affine term structure models, several authors have

underlined the restrictive nature of the underlying assumptions.1 Dai and
Singleton (2000) note that the assumption of linear conditional variances for the

state variables’ dynamics implies the positivity of those state variables driving

conditional variances, which must follow independent univariate square-root

processes. Duffee (2002) also shows that reducing the number of risk factors in

the conditional variance enables a more flexible specification for market prices

of risk (and therefore risk premiums) associated with nonvolatility risk factors.

These trade-offs severely limit the ability of affine term structure models to

simultaneously fit conditional interest means and volatilities of interest rate
data, as shown by Dai and Singleton (2002).

Models encompassed in the quadratic class [see Ahn, Dittmar, and Gallant

(2002)] have emerged as a competing alternative to the affine class. In these

models, the instantaneous rate is a quadratic function of the state variable vector,

which follows a multivariate constant variance diffusion under the risk-neutral

measure. Under these conditions, yields are also quadratic in the state variables.

Brandt and Chapman (2002) have compared the empirical performance of both

model classes and have concluded that quadratic term structure models are
clearly superior to affine models in terms of fitting historical volatility.

The recent literature on dynamic term structure models therefore teaches us

that lack of flexibility, necessary to achieve model tractability, comes at the cost of

limited success in fitting interest rate data. In this article, we build on this insight

and reassess the ability of a single risk factor to explain the cross section of bond

returns when no parametric restrictions are imposed on the state variable

dynamics or the market price of risk. In particular, under the assumption that

the state variable follows an Itôo process with smooth drift and diffusion, we
develop a new method to test for the hypothesis that exposure to a single priced

risk factor is sufficient to explain differences in bond returns across maturities. The

advantage of our approach is that model rejection cannot be attributed to any

particular parametrization of the state variable conditional distribution or the

market price of risk. Also, our test does not assume perfect identification between

the short rate and the single state variable because the state of the system is not

forced to depend on the short rate exclusively.

The test simply exploits the observation that instantaneous bond returns at any
given point in time should be conditionally perfectly correlated in the presence of

a single risk factor, so in order to prevent arbitrage, the instantaneous conditional

expected excess return on any bond must be proportional to its exposure to the risk

factor, which — from Itôo’s Lemma — is proportional to the bond return’s diffusion.

1 For a recent survey of dynamic term structure models, see Dai and Singleton (2003).
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Our testing procedure can be summarized as follows. First, instantaneous

excess zero-coupon bond returns are approximated from daily data on bond

prices of different maturities and the short rate. Next, the diffusion function is

estimated nonparametrically for each bond. Finally, excess returns divided by the

bond diffusions are computed. If the null hypothesis holds, excess returns per unit

risk should be equal across maturities. However, since zero-coupon bond returns

are generally observed with error, we reformulate our null hypothesis in terms of
equality of conditional means. Formally we derive a Kolmogorov-Smirnov test

that presents two advantages with respect to existing methods: the test does not

assume independent variables and it does not require a fixed design.

We apply our test to two different samples: one that corresponds to the

Spanish market during the January 1993–December 2001 period, and another

one consisting of U.S. interest rates in the April 1984–May 2003 period. Our results

suggest that the single-factor hypothesis cannot be rejected for either dataset.

Using a longer series for the United States that covers 42 years of daily data
does not change the results substantially. This finding, rather than as a challenge

to the multifactor nature of interest rates, should be seen as evidence that most of

the risk premium in bond returns compensates investors for exposure to a single

risk factor. In other words, risk premiums associated with additional factors are

statistically hard to detect when only mild restrictions are imposed on the term

structure model.

It should be noted that we are not the first to find that a single-factor model

captures well the observed term structure dynamics. In an article that is close in
spirit to ours, Jeffrey et al. (2004) developed a nonparametric test based on the

term structure of yield volatilities under a nonparametric time-homogeneous

univariate Markov model. Consistent with our results, they cannot reject the

null hypothesis for U.S. interest rate data in the 1961–1998 period.

The rest of the article is organized as follows: Section 1 proposes a nonpara-

metric testing method for the single-factor hypothesis. Section 2 explores the finite

sample properties of the test. Section 3 presents the empirical results. Section 4

concludes. The derivation of the test, together with Monte Carlo results, are
provided in detail in the appendix.

1 A NONPARAMETRIC TEST FOR THE SINGLE-FACTOR
HYPOTHESIS

The test we propose relies on a model where the underlying source of uncertainty
in the economy, Xt, is represented by a continuous-time diffusion process. More

specifically, the dynamics of Xt is assumed to be governed by the following time-

homogeneous stochastic differential equation:

dXt ¼ mðXtÞdtþ sðXtÞdWt, ð1Þ

where Wt denotes a standard Wiener process and the functions m(�) and s(�) are

assumed to be at least twice differentiable.
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Under the single risk factor assumption, unexpected changes in bond prices

are entirely driven by shocks to this factor. Moreover, Equation (1) assumes that

the dependence on time is given only through the dependence on the risk factor

Xt. Under this diffusion for the risk factor, it is feasible to derive the dynamics of

the price of a bond with fixed time to maturity T, which we denote by BT(t, Xt). We

assume that BT(t,Xt) is a smooth function of the risk factor and that it depends on t
only through its dependence on Xt; we thus have BT(t,Xt)¼BT(Xt).

Using Itôo calculus, it can be shown that the process for a bond’s price is

governed by the following stochastic differential equation:

dBTðXtÞ
BTðXtÞ

¼ mTðXtÞdtþ sTðXtÞdWt, ð2Þ

where

mTðXtÞBTðXtÞ ¼ mðXtÞB0
TðXtÞ þ 1

2 s
2ðXtÞBT

00ðXtÞ

and

sTðXtÞBTðXtÞ ¼ sðXÞB0
TðXtÞ: ð3Þ

It follows that under the single-factor assumption, the instantaneous returns on all

bonds must be perfectly conditionally correlated and therefore, to prevent arbit-

rage, their instantaneous risk premiums must be proportional to their sensitivities

to the risk factor; that is, proportional to B0
TðXtÞ=BTðXtÞ, which determines the sign

of sT (Xt). For the rest of the article, we will assume that this sign is constant for

each bond, although it can change across different times to maturity, since the sign
of the sensitivity to the risk factor can depend on maturity.

The no-arbitrage condition — if no coupons are paid — implies the following

constraint for conditional expected instantaneous bond returns:

mTðXtÞ ¼ rt þ lðXtÞ
B0
TðXtÞ

BTðXtÞ
, ð4Þ

where rt is the return on a bond maturing instantaneously and l(Xt) denotes the

constant of proportionality across maturities, which can be interpreted as the

market price of risk associated with the single risk factor. Substituting
Equation (3) into Equation (4),

mTðXtÞ � rt
sTðXtÞ

¼ lðXtÞ
sðXtÞ

: ð5Þ

The relation above simply states that the instantaneous conditional Sharpe ratio

should be constant across bond maturities. The idea behind our approach is to

exploit this relationship between expected bond returns across maturities.

Suppose that the market risk premium can be consistently estimated from

prices of different types of bonds, that is, zero-coupon bonds with different times

to maturity. If estimates of l(Xt)/s(Xt) vary significantly across different bond
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price series, it can be concluded that differences in term premiums across matu-

rities cannot be explained by bonds’ exposure to a single risk factor.

To derive the test, we proceed as follows. First, from Equations (3) and (4),

BTðXtÞmTðXtÞ ¼ BTðXtÞrt þ lðXtÞ
sTðXtÞBTðXtÞ

sðXtÞ
: ð6Þ

Substituting Equation (6) into Equation (2) leads to

dBTðXtÞ � BTðXtÞrtdt
BTðXtÞ

¼ sTðXtÞlðXtÞ
sðXtÞ

dtþ sTðXtÞdWt,

and dividing each side by sT(Xt) leads to

dBTðXtÞ � BTðXtÞrtdt
BTðXtÞsTðXtÞ

¼ lðXtÞ
sðXtÞ

dtþ dWt: ð7Þ

Note that the right-hand side of Equation (7) does not depend on maturity.

Now, for empirical purposes, consider the discrete-time approximation
where instantaneous returns are replaced by observable returns RTt+D¼
(BT (Xt+D)�BT(Xt))/BT(Xt):

RTtþD � rtD

sTðXtÞ
¼ lðXtÞ

sðXtÞ
Dþ «Dt: ð8Þ

For any pair of maturities, say T1� 1 and T2� 2, if the discrete-time approx-

imation were exact and returns were observable without noise, the following

equality would hold under the null hypothesis of a single factor:

Yt �
R1ðtþ1Þ � rt

s1ðXtÞ
¼

R2ðtþ1Þ � rt
s2ðXtÞ

�Zt,

where we have redefined rt and lðXtÞ
sðXtÞ so D¼ 1.

Since zero-coupon bond returns are generally not observable, they must

be recovered from some estimate of the (zero-coupon bond) yield curve. We

thus assume

Yt �
R1ðtþ1Þ � rt

s1ðXtÞ
¼ l

s
ðXtÞ þ «t þ h1t

Zt �
R2ðtþ1Þ � rt

s2ðXtÞ
¼ l

s
ðXtÞ þ «t þ h2t,

where h1t and h2t are zero mean errors that can be dependent and serially

correlated, but independent of Xt. The null hypothesis then becomes

H0 : EtðYt jXtÞ ¼ EtðZt jXtÞ:

Under the alternative hypothesis, some structure is expected in the difference,
so we consider the set of alternatives:

H1 : EtðYt jXtÞ ¼ EtðZt jXtÞ þmt,
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where mt¼m(t/n) and m(�) is a continuous function that captures the time-varying

structure due to the presence of other risk factors. Note that this specification does

not require stationarity of the variables.

As can be seen, we are dealing with the problem of testing for equality of

two regression functions. For independent data, this problem has been studied

for the fixed design case by Hall and Hart (1990) and Delgado (1993). Cabus

(1998) considers the two sample cases of random design, again for independent
data. Koul and Schick (1997, 2003) and Koul and Stute (1999) propose and

study some robust testing for autoregression function modeling in an order-one

Markov time series. Finally, in a stationary context, Ferreira and Stute (2003)

derive a test based on marked empirical processes. Here we consider a differ-

ent statistic in the same context under the null, but for a different set of

alternatives.

The following Kolmogorov-Smirnov-type statistics will be computed for test-

ing purposes:

z1 ¼ 1ffiffiffî
aa

p max
0�t�1

SnðtÞ¼)d max
0�v�1

BðvÞ to test for mð�Þ> 0 ð9Þ

z2 ¼ 1ffiffiffî
aa

p max
0�t�1

jSnðtÞj ¼) d max
0�v�1

jBðvÞj to test for mð�Þ 6¼ 0; ð10Þ

where B(v) denotes the standard Brownian motion, SnðtÞ ¼ 1ffiffi
n

p
P½nt�

s¼1 Ds, with

Ds¼Ys�Zs, and âa ¼ 1
2n

Pn�1
s¼1 ðDsþ1 �DsÞ2. The derivation of the distribution of

the statistics is provided in the appendix.

To apply the test in the present context, we follow the steps described below:

� Compute consistent estimators of s1(Xt) and s2(Xt) under the null

hypothesis.

� Construct the series Yt and Zt and the difference Dt.

� Use a subsample of size m of order o(n�4/5) and compute the statistic Sn(t).
The use of a subsample is needed in order to avoid an overrejection of the

null hypothesis due to estimation error in s1 and s2 [see, e.g., Mammen

(2000) and Table A.1].

� Compute the estimator âa and test statistics z1 for the one-sided test and z2

for the two-sided test.

� Compute the p-values P(max0�v�1 jB(v)j > z2) and P(max0�v�1B(v)> z1).

We apply this procedure under two alternative assumptions: (1) the short rate

is perfectly correlated with the single factor, and (2) the risk factor is not perfectly

correlated with the short rate. As mentioned in the introduction, an example of a

case where the risk factor does not identify with the risk factor is the class of

quadratic term structure models. In such models, the instantaneous rate is a

quadratic function of the unobservable risk factor, so it is not perfectly correlated
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with it. Moreover, in single-factor quadratic models, the state of the system may be

determined by observing the short rate and the term spread. See, for instance,

Longstaff (1989) for the single-factor case and Ahn, Dittmar, and Gallant (2002) for

a multifactor generalization.

If the short rate perfectly identifies with the risk factor, its value at any point in

time fully characterizes the state of the system. Estimators of diffusion coefficients

ŝs1 and ŝs2 are obtained as

ŝs2
1ðrtÞ ¼ varðR1ðtþ1Þ j rtÞ ¼ EðR2

1ðtþ1Þ j rtÞ � EðR1ðtþ1Þ j rtÞ2

ŝs2
2ðrtÞ ¼ varðR2ðtþ1Þ j rtÞ ¼ EðR2

2ðtþ1Þ j rtÞ � EðR2ðtþ1Þ j rtÞ2:

For the practical computation of these expected values we use a general

smoother, similar to Stanton (1997):

ÊEtð� j rÞ ¼
PT�1

t¼1 WtðrÞ�PT�1
t¼1 WtðrÞ

, ð11Þ

where, instead of a usual kernel, the weights are defined as

WtðrÞ ¼ K
F1nðrÞ � F1nðrtÞ

h

� �
,

where F1n is the empirical distribution of the short rate and K a function kernel of

order 2 [see, e.g., Härdle (1990) for details on smoothing estimators]. This type of

estimator is known as symmetrized nearest neighbors (SNN) and belongs to the

class of nonparametric estimators. We propose the use of SNN because it provides

a better performance than the kernels for nonuniformly distributed data, as is the

case for the short rate. [Ferreira, Gago, and Rubio (2003) present a detailed study of

the properties of the SNN estimators in financial applications.] Roughly speaking,
SNN is equivalent to kernels where the smoothing parameter varies; it increases

where the density of the design is small and decreases where it is large. This is a

desirable property that improves the estimation process in the tails; that is, for

extreme values of the short rate.

On the other hand, when the risk factor does not identify with the short rate

because there is still a single source of risk, instantaneous returns are perfectly

correlated and no-arbitrage implies that Equation (7) must hold for any bond.

Since the current level of the short-term interest rate does not fully determine the
value of the state variable, however, we assume that the state of the system

conditional on Xt can be expressed equivalently in terms of the short rate and

the slope of the yield curve, proxied by the spread between the long rate and the

short rate. Ahn, Dittmar, and Gallant (2002) have shown for instance that for

single-factor quadratic term structure models, yields of any maturity are quadratic

in the single risk factor. It can further be shown that the state of the system can be

inverted in terms of the short rate and the spread, which provides a motivation for

our approach.
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Under this assumption, sT(Xt) can be identified as sT(r(t), sp(t)), so a consistent

estimation of sT can be obtained conditional on the short rate and the slope on

the yield curve:

ŝs2
Tðrt, sptÞ ¼ varðRTðtþ1Þ j rt, sptÞ ¼ EðR2

Tðtþ1Þ j rt, sptÞ � EðRTðtþ1Þ j rt, sptÞ2:

A consistent estimator of the expected values is obtained through the bivariate

SNN estimator, defined as

ÊEtð� j r, spÞ ¼
PT�1

t¼1 Wtðr, spÞ�PT�1
t¼1 Wtðr, spÞ

, ð12Þ

with

Wtðr, spÞ ¼ K
F1nðrÞ � F1nðrtÞ

hr

� �
K

F2nðspÞ � F2nðsptÞ
hsp

� �
,

where K is again a kernel of order 2, and F1n and F2n denote the empirical

distribution of the short rate and the spread term, respectively.

It is interesting to remark that the stationarity of the short rate and the

spread allows us to ensure the consistency of the diffusion estimator. In order
to obtain a consistent estimator in a nonstationary setting, the estimator pro-

posed in Bandi and Philips (2003) could be used. Instead of stationarity, the

authors require ‘‘the continuous trajectory of the process to visit any level in its

range an infinity number of times over time.’’ In either case, the test applies.

2 FINITE SAMPLE PROPERTIES

In this section we use Monte Carlo simulations to explore the properties of the test

in finite samples. Although such controlled experiments are always necessary, the

analysis is particularly interesting in this specific context for two reasons. First, it

will enable us to evaluate the accuracy of the discrete-time approximation of

Equation (8) for any desired frequency of data. Second, it will also enable us

to assess whether the use of ŝsT instead of sT affects the properties of the test in

finite samples.

2.1 Size

In order to analyze the size of the test, we first simulate interest rate data and

bond returns from a single-factor affine term structure model. More specif-
ically, we choose the single-factor version of the Cox, Ingersoll, and Ross (CIR)

(1985a,b) model using parameter estimates from Geyer and Pichler (1999). In

the one-factor CIR model, the instantaneous nominal interest rate equals the

unobservable risk factor, which is assumed to be generated by a square-root

diffusion. Assuming a linear risk premium, closed-form solutions for prices of
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default-free bonds of any maturity are readily available (see appendix). We

proceed as follows:

1. We draw realizations from the risk factor diffusion, using the Euler

(first-order) approximation, with a step length of 1/1000 of a year

(40 realizations per day), and then use price formulas to obtain

bond prices for maturities equal to 6 months, 1 year, 5 years, and
10 years (as well as 6 months, 1 year, 5 years, and 10 years minus

one day).

2. We drop all but daily observations and compute daily returns from
buying a bond at day t and selling it one day later.

3. We use bond returns to compute returns in excess of the instantaneous

rate and we estimate nonparametrically bond return conditional

volatilities.

4. We divide each excess return by its conditional volatility and then add

to each series a zero mean iid measurement error with standard

deviation2 equal to 0.005.

5. We apply the tests to pairs of series corresponding to two bonds of

different maturities.

6. We repeat steps one through five 1,000 times.

As shown in the appendix (Table A.1), for 10 years of daily data, empirical

sizes for the two-sided test resemble nominal sizes under the null hypothesis,

while the one-sided test displays some tendency toward underrejection. As
expected for this model, estimating the diffusion by conditioning on both the

short rate and the term spread does not affect the empirical size of the test. Finally,

note that the discretization bias resulting from the use of daily returns does not

lead to overrejection of the null hypothesis.

Next, we explore the performance of the test when the affine assumption is

removed. In order to do so, we use the squared autoregressive independent

variable nominal term structure (SAINTS) model of Constantinides (1992),

where the instantaneous interest rate is a quadratic function of the single unob-
servable risk factor. Consequently, in this model, the instantaneous rate is only

sufficient for determining bond prices when the risk factor does not change sign.

Otherwise two different values of the risk factor can correspond to the same value

of the short rate. This justifies the need for conditioning on extra information from

the term structure. In our simulations we have employed parameter estimates for

the SAINTS model from Lu (2000). The model specification, pricing formulas, and

parameter values are given in the appendix. Table A.2 displays simulation results

2 Note that without measurement error, each daily series has a conditional standard deviation offfiffiffiffiffiffiffiffiffiffiffiffiffi
1=250

p
¼ 0:0632.
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that suggest that the empirical size is robust to the true one-factor model class

belonging to the quadratic family. Rejection rates are similar both when condition-

ing on the short rate exclusively and when conditioning on the short rate and the

term spread. This, however, is not surprising, since for this specific parameter

choice the unobservable risk factor seldom changes sign.

2.2 Power

We have chosen the two-factor CIR model, along with parameter estimates from

Geyer and Pichler (1999), in order to evaluate the power of the test to reject the

single-factor hypothesis.

We use daily returns and set the number of years equal to 10 (Table A.3). Both

the one-sided and the two-sided tests reject almost 100% of the times the null

hypothesis of a single priced risk factor, when risk-adjusted 10-year bond excess
returns are compared to other series. When the five-year bond is compared to the

one-year bond and the six-month bond, however, rejection rates (for both signifi-

cance levels) fall below 50% for the one-sided test and 30% for the two-sided test.

Finally, the test lacks all power to reject the null when the one-year bond is

compared to the six-month bond. Conditioning on the spread does not alter

these conclusions.

Increasing the amount of available data to 30 years (Table A.4) results in

more reasonable rejection rates when the five-year bond is compared to bonds
of shorter maturity. When one-year and six-month bonds are compared, how-

ever, there is no appreciable improvement in the power of the test. Again,

conditioning on the term spread leads to similar conclusions. Simulation results

therefore suggest that sample size and, especially, the choice of bond maturities

have a considerable impact on the power of the test to reject the null

hypothesis.

Finally, changes in parameter values also affect the power of the test to reject

the null. Since the null hypothesis is rejected because bonds are exposed to a
second factor of risk, increasing the amount of risk associated with the second risk

factors should increase the power of the test. To see this, we increase the value of

the diffusion coefficient in the Itôo process driving the second risk factor dynamics.

As Table A.5 shows, both the one-sided and the two-sided test reject the null

hypothesis most of the time, with a single exception: the six-month/one-year

maturity comparison.

3 DATA AND RESULTS

In this section we apply the test to bond data from two different public debt

markets: Spain and the United States. In both cases, the zero yield curve enables

us to recover zero-coupon bond prices and their associated returns. We then

estimate the diffusion function for each maturity and construct the series Yt and

Zt. Finally, test statistics of Equations (9) and (10) are computed for all pairs

of bonds.
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3.1 Construction of the Dataset

3.1.1 Spanish market. The dataset consists of 2,249 daily observations of the term

structure of interest rates covering the full January 1993 to December 2001

nine-year period. The yield curve has been fitted to data on fixed-income assets

issued by the Spanish Treasury, following an exponential spline approach as in

Vasicek and Fong (1982), which takes into account both coupon payments and tax

effects. The evolution of the yield curve over time is shown in Figure 1. In order to

compute daily bond returns, yields to maturity on 3-month, 1-year, 5-year, and
10-year treasuries, as well as yields with the same terms to maturity minus one

day, were first converted into prices. Table 1A presents a description of the means

and standard deviations of bond daily returns for the whole sample. Returns on

the five-year bond, for instance, correspond to a strategy of buying every day a

zero-coupon bond maturing in five years and selling it on the following day.

The short rate was proxied by the (continuously compounded) 1-month rate,3

r(t), and the slope of the yield curve was proxied by the spread between the

10-year yield and the 1-month rate, sp(t). Figure 2 shows the historical evolution
of the term spread. Nonparametrically estimated bond diffusion functions when

conditioning on the short rate only are displayed in Figure 3.

Figure 1 Daily time series of Spanish Treasury bill and bond yields. The figure shows annual
compounded yields on bills and bonds issued by the Spanish Treasury during the full 1993–2001
period with maturities ranging from 1 month to 10 years.

3 Although results are not shown in the article, conclusions do not vary substantially when the continu-

ously compounded three-month rate is taken as a proxy for the instantaneous interest rate.
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3.1.2 U.S. market. The dataset consists of 5,350 daily observations of the

term structure of interest rates covering the period from April 1982 to May

2003. More specifically, we use Treasury yield curve rates, commonly referred

to as ‘‘constant maturity treasury’’ rates, as proxies for interest rates of

Figure 2 The slope of the yield curve. The figure shows the historical evolution over time of
the difference between the yield on Spanish Treasury 10-year bonds and the yield on
1-month bills.

Table 1 Summary statistics of bill and bond returns.

Panel A: Spanish market

3 months 1 year 5 years 10 years

Mean

Standard dev.

0.0257

0.0425

0.0290

0.1297

0.0484

0.6822

0.0673

1.3876

Panel B: U.S. market

6 months 1 year 5 years 10 years

Mean 0.0248 0.0268 0.0391 0.0503

Standard dev. 0.0393 0.0728 0.3504 0.6641

The table shows the mean and standard deviation of daily returns in percent units. Returns on the T

maturity bill/bond correspond to a strategy of buying every day a zero-coupon bill/bond withTperiods to

maturity and selling it on the following day. The sample in panel A covers the January 1993–December

2001 period (2,249 observations) and the sample in panel B covers the April 1982–May 2003 period

(5,350 observations).
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different maturities. These rates are interpolated by the Treasury from the

yield curve, which is estimated on a daily basis using a cubic spline model

and employs closing market bid yields on actively traded Treasury securities

in the over-the-counter (OTC) market.4 Yields are displayed in Figure 4.
To construct the series of conditional mean returns per unit risk, we first

recover prices from yields and then compute one-period returns from buying

6-month, 1-year, 5-year, and 10-year zero-coupon bonds and selling them one

day later. Table 1B presents a description of the annualized means and deviations

of bond daily returns for the whole sample. Given the available data, the short rate

was proxied in this case by the (continuously compounded) 3-month rate, r(t), and

the slope of the yield curve was proxied by the spread between the 10-year yield

and the 3-month rate, sp(t). Figure 5 shows the term spread series. Nonpara-
metrically estimated bond diffusions as functions of the short rate are displayed

in Figure 6.

Figure 3 Bond diffusion functions, Spanish market. The figure displays the annualized condi-
tional standard deviation of bond returns for maturities of 3 months to 10 years as functions of the
short rate.

4 See McCulloch (1975) for a description of this methodology as applied to yield curve estimation.
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Figure 4 Daily time series of U.S. Treasury bill and bond yields. The figure shows annual
compounded yields on bills and bonds issued by the U.S. Treasury during the February 1984–
April 2003 period with maturities ranging from 3 months to 10 years.

Figure 5 The slope of the yield curve. The figure shows the historical evolution over time
of the difference between the yield on U.S. Treasury 10-year bonds and the yield on
3-month bills.
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3.2 Results

3.2.1 Spanish market. Test results for Spain are displayed in Tables 2 and 3. For
both cases considered (the short rate as the state variable and the short rate and the

spread jointly capturing the state of the system) and all pairs of maturities,

the null hypothesis of equal expected excess returns per unit risk cannot be

rejected.5 Note that this conclusion cannot be attributed to any particular para-

metrization of the state variable dynamics under the true or the risk-neutral

probability measure. It does rely, however, on the assumption that our estimates

are consistent and that the 1-month rate and the spread between the 10-year yield

and the 1-month yield summarize all relevant information about the state of
the system.

Just as happens with other samples, Spanish interest rates of different matu-

rities have been found to be driven by at least three common factors. In light of this

evidence, our finding suggests that risk premiums embedded in bond returns are

dominated by exposure to a single factor. If present, additional risk factors are

statistically difficult to detect through their effect on investor compensation. The

main implication is that a sufficiently flexible time-homogeneous single-factor

Figure 6 Bond diffusion functions of the U.S. market. The figure displays the annualized condi-
tional standard deviation of bond returns for maturities of 6 months to 10 years as functions of the
short rate.

5 Critical values are 1.64 (10% level) and 1.96 (5% level) for the one¼ sided test and 2 (10% level) and 2.24

(5% level) for the two-sided test.
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term structure model can explain well the observed cross section of bond returns

and its dynamics over time.

3.2.2 U.S. market. Test results for the U.S. are displayed in Tables 4 and 5. For

both cases considered, bond premiums per unit risk are not significantly different
across maturities. Considering shorter maturities results in (statistically not

Table 2 A test for the single-factor hypothesis with the short rate as the conditioning
variable, Spanish market (January 1993–December 2002).

Yt Zt Ha : Et (Yt)�Et (Zt)> 0 Ha : Et (Yt)�Et (Zt) 6¼ 0

10 years 3 months 1.3306 1.3306

10 years 1 year 0.8918 0.8918

10 years 5 years 0.4707 0.4707

5 years 3 months 1.2997 1.2997

5 years 1 year 0.6729 0.6729

1 year 3 months 1.2397 1.2397

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate, which we assume to fully capture the state of the system.

Table 3 A test for the single-factor hypothesis with the short rate and the term
spread as conditioning variables, Spanish market (January 1993–December 2002).

Yt Zt Ha : Et(Yt)�Et(Zt)> 0 Ha : Et(Yt)�Et(Zt) 6¼ 0

10 years 3 months 1.2897 1.2897

10 years 1 year 0.8414 0.8414

10 years 5 years 0.4350 0.4350

5 years 3 months 1.2745 1.2745

5 years 1 year 0.6512 0.6512

1 year 3 months 1.2007 1.2007

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate and the term spread, which we assume to jointly capture the state

of the system.
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significant) higher estimates of the market price of risk per unit risk despite the

favorable liquidity features enjoyed by Treasury-bill holders in the United States.

In fact, the null hypothesis that the risk premium over the bond’s diffusion is equal

for 10-year and 1-year Treasury bills is rejected at the 10% significance level

against the alternative hypothesis that the normalized risk premium is higher

for the 1-year bond.

Table 4 A test for the single-factor hypothesis with the short rate as the conditioning
variable, U.S. market (April 1982–May 2003).

Yt Zt Ha : Et(Yt)�Et(Zt)> 0 Ha : Et(Yt)�Et(Zt) 6¼ 0

10 years 6 months 0.2632 1.2551

10 years 1 year 0.1479 1.6497

10 years 5 years 0.1057 1.2301

5 years 6 months 0.3764 0.9177

5 years 1 year 0.2689 1.2176

1 year 6 months 0.5710 0.5710

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate, which we assume to fully capture the state of the system.

Table 5 A test for the single-factor hypothesis with the short rate and the term
spread as conditioning variables, U.S. market (April 1982–May 2003).

Yt Zt Ha : Et(Yt)�Et(Zt)> 0 Ha : Et(Yt)�Et(Zt) 6¼ 0

10 years 6 months 0.2136 1.4008

10 years 1 year 0.1558 1.7398

10 years 5 years 0.1134 1.2751

5 years 6 months 0.3737 1.0558

5 years 1 year 0.2595 1.2975

1 year 6 months 0.4612 0.4612

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate and the term spread, which we assume to jointly capture the state

of the system.
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In order to analyze the robustness of these results to different data, we have

replaced three-month and six-month rates obtained from the fitted yield curve

with true Treasury-bill rate data. This enables us to extend all our series since

secondary market Treasury-bill data (an average of dealer quotes from the sec-

ondary market) are available from February 1962. Tables 6 and 7 report test

statistics applied to the extended dataset. Although the sample now consists of

Table 6 A test for the single-factor hypothesis with the short rate as the conditioning
variable, U.S. market (February 1962–March 2004).

Yt Zt Ha : Et(Yt)�Et(Zt)> 0 Ha : Et(Yt)�Et(Zt) 6¼ 0

10 years 6 months 0.1801 1.5744

10 years 1 years 0.2163 1.6263

10 years 5 years 0.0979 1.1372

5 years 6 months 0.1646 1.1877

5 years 1 year 0.2069 1.1524

1 year 6 months 0.1295 0.6186

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate, which we assume to fully capture the state of the system.

Table 7 A test for the single-factor hypothesis with the short rate and the term
spread as conditioning variables, U.S. market (February 1962–March 2004).

Yt Zt Ha : Et(Yt)�Et(Zt)> 0 Ha : Et(Yt)�Et(Zt) 6¼ 0

10 years 6 months 0.1870 1.8886

10 years 1 year 0.2474 1.8903

10 years 5 years 0.1123 1.3038

5 years 6 months 0.1623 1.4413

5 years 1 year 0.2298 1.3355

1 year 6 months 0.1428 0.6924

The table shows the test statistics for the null hypothesis that the conditional expectation of Yt equals the

conditional expectation of Zt, where Yt is the daily excess return on the 1-year/5-year/10-year bond over

the bond’s diffusion, and Zt is the daily excess return on the 6-month/1-year/5-year bond over the

bond’s diffusion. Under the single-factor assumption, the null hypothesis must hold for no-arbitrage

opportunities to exist between any two different bonds. Two different alternatives are considered: the

conditional expectation of Yt is different from the conditional expectation of Zt and the conditional

expectation of Yt is larger than the conditional expectation of Zt. The diffusion coefficient has been

estimated conditional on the short rate and the term spread, which we assume to jointly capture the state

of the system.
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10,531 daily observations, corresponding to 42 years, test results are very similar to

those of Tables 4 and 5: the single priced risk factor hypothesis cannot be rejected

for the U.S. postwar period.

4 CONCLUSION

In this article, we have proposed a new method to test for the hypothesis that a

single priced risk factor drives the evolution of the yield curve over time. Our

approach extends the previous literature on the empirical performance of term

structure models in that results do not depend on any particular parametric

specification of the state variable dynamics, the form of the market price of risk,

or the relationship between the single state variable and the short-term interest
rate. It simply exploits the observation that in the presence of a single priced

source of uncertainty, instantaneous returns are conditionally perfectly correlated

across maturities, so for no arbitrage opportunities to exist, each asset’s instanta-

neous risk premium must be proportional to its exposure to uncertainty. Provided

conditional volatility can be consistently estimated and in the presence of zero-

mean measurement errors, expected differences across maturities between excess

returns over their estimated conditional volatility should be statistically not sig-

nificantly from zero. We develop a formal testing method that measures the
statistical significance of differences in conditional means for series of excess

returns per unit risk. As compared to other available tests, ours does not require

a fixed design and does not assume independent variables.

The test cannot reject the single-factor hypothesis for the Spanish and U.S.

government bond markets. Results can be interpreted as evidence in favor of the

multifactor hypothesis when no parametric constraints are imposed on the

dynamic term structure model. Although a Monte Carlo analysis suggests that

the test lacks power to reject the null when comparing returns of short-term bonds,
the test has good power when short- and long-term bond returns are compared, a

result that remains when considering different parameters in the simulation

study.6

As for possible extensions to this work, an alternative approach could be

based on a conditional version of the generalized method of moments [see Brandt

(1999)]. Indeed, a nonparametric estimator of the normalized market price of risk

could be obtained at each point in time from the set of moment restrictions

imposed by the no-arbitrage assumption on bond returns across maturities. The
main advantage of this approach is its potential to incorporate information on

multiple bonds, which should result in more power to reject the null. Naturally the

properties of such an estimator would have to be derived in this specific context.

The biggest challenge, however, would be that of constructing a test statistic for

the null hypothesis that the model is true for all t. We leave this promising line of

research for future work.

6 These results are not presented for brevity, although they are available from the authors upon request.
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APPENDIX

A.1 Derivation of the Test

Consider two samples generated from the two following generating processes,
where for simplicity t denotes directly the rescaled time index in (0,1):

Yt ¼ EðYt jXtÞ þ s1ðtÞ«1t

Zt ¼ EðZt jXtÞ þ s2ðtÞ«2t:

Let s1(�), s2(�) be continuous unknown functions, with one bounded deriva-

tive in the (0,1) interval. The errors «1t and «2t are serially independent with zero

mean, and variance equal to one, and they can be correlated with a correlation

function denoted by r(�).
The interest is to test for the null hypothesis H0 : E(Yt jXt)¼E(Zt jXt) against

the two-sided alternative H1 : E(Yt jXt) 6¼E(Zt jXt) or the one-sided alternative

H1 : E(Yt jXt)>E(Zt jXt)

For each sample size n, we assume that the observations are taken at equi-

distance points and define Di¼Yi�Zi. Let us analyze the partial sums process,

defined in the unit interval (0,1) by

SnðtÞ ¼
1ffiffiffi
n

p
X½nt�
i¼1

Di

Under the null, Sn(t) converges in law to (¼)d) B(T(t)), where B denotes

a Brownian motion and TðtÞ ¼
R t

0 wðuÞdu, where wðuÞ ¼ s2
1ðuÞ þ s2

2ðuÞ þ
2rðtÞs1ðuÞs2ðuÞ.

To prove this result write n�1=2
P½nt�

i¼1 Di ¼ n�1=2
P½nt�

i¼1ðs1ðtiÞ«1i � s2ðtiÞ«2iÞ.
For each t consider the map u¼T(t). T(t) is a continuous, monotone, non-

decreasing function, and therefore there is a well-defined inverse t¼T�1(u).

For each u, we can write the partial sums as Su ¼ 1ffiffi
n

p
P½nT�1ðuÞ�

i¼1 Di. It holds

that E(Su)¼ 0 and VðSuÞ ¼ 1
n

P½nT�1ðuÞ�
i¼1 ½wðT�1ðuiÞÞ�!

R T�1ðuÞ
0 wðT�1ðvÞÞdv ¼

R T�1ðuÞ
0

wðT�1ðvÞÞdv ¼ TTT�1ðuÞ ¼ u
Hence, directly from Donsker’s theorem [see, e.g., Billingsley (1968)], we have

that Su ¼)d B(u), which written in terms of t, leads to the result.

Now consider the set of alternatives E(Yt jXt)�E(Zt jXt)¼m(t). To check for

the consistency of the test, define the process

n�1
X½nt�
i¼1

Di ¼ n�1
X½nt�
i¼1

ðmðtiÞ þ s1ðtiÞ«1i � s2ðtiÞ«2iÞ!

IðtÞ ¼
Z t

0

mðuÞdu as:

Therefore the process Sn(t) diverges to infinity whenever we consider global

alternatives where m(�) 6¼ 0, since I(t)¼ 0 , m(�)¼ 0. For local alternatives of the

form E(Yt jXt)�E(Zt jXt)¼n�1/2 m(�), St ¼) dBðTðtÞÞþ
R t

0 mðuÞdu 6¼BðTðtÞÞ.
To test for the one-sided alternative m(t)> 0, an application of the func-

tional limit theorem shows that the Kolmogorov-Smirnov statistic defined as
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max0�t�1 Sn(t) has the limit

max
0�t�1

SnðtÞ¼) max
0�t�1

BTTðtÞ ¼ max
0�u�Tð1Þ¼a

BðuÞ ¼ max
0�v�1

BðvaÞ

¼d

ffiffiffi
a

p
max
0�v�1

BðvÞ:

For the two-sided alternative m(t) 6¼ 0, we use the analogous result

max
0�t�1

j SnðtÞ j ¼)d

ffiffiffi
a

p
max
0�v�1

jBðvÞ j :

As the estimator of a¼T(1), we use the one proposed in Hall and Hart (1990),

âa ¼ 1
2n

Pn�1
i¼1 ðDiþ1 �DiÞ2, which is consistent under the null and the alternative

hypothesis.
To apply the one-sided test we use the well-known result coming from the

reflection principle,

P
h

max
0�v�1

BðvÞ� d
i
¼ 1 � 2FðdÞ,

and for the two-sided case, the distribution of max0�v�1 jB(v)j can be easily

tabulated.

Hence the final statistics are

z1 ¼ 1ffiffiffî
aa

p max
0�t�1

SnðtÞ¼) d max
0�v�1

BðvÞ to test for mð�Þ> 0

z2 ¼ 1ffiffiffî
aa

p max
0�t�1

jSnðtÞj ¼) d max
0�v�1

jBðvÞj to test for mð�Þ 6¼ 0:

Second, we account for the fact that we do not observe directly Yi and Zi; the

test in practice is based on

D̂Di ¼ ŶYi � ẐZi ¼ Yi
s1i

ŝs1i
� Zi

s2i

ŝs2i

¼ Di þ Yi

�
s1i

ŝs1i
� 1

�
� Zi

�
s2i

ŝs2i
� 1

�
:

Therefore

ŜSnðtÞ ¼
1ffiffiffi
n

p
X½nt�
i¼1

D̂Di

¼ 1ffiffiffi
n

p
X½nt�
i¼1

Di þ anðtÞ

¼ SnðtÞ þ anðtÞ,
where

anðtÞ ¼
1ffiffiffi
n

p
X½nt�
i¼1

�
Yi

�
s1i

ŝs1i
� 1

�
� Zi

�
s2i

ŝs2i
� 1

��
:
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The terms ðs1i=ŝs1i � 1Þ are clearly dependent and, due to the nonparametric

estimation properties, have variance of order o(n�4/5), so the process an(t) is not

negligible if we use the same sample size for estimation purpose and for the test.

To overcome the consideration of the nontrivial limit distribution of an(t), we

propose to consider a smaller sample size m to develope the test. That is, we

compute ŜSmðtÞ with leading term Sm(t). For that, it is enough to select the sub-

sample m of order o(n�4/5). Doing this, the process

amðtÞ ¼
1ffiffiffiffi
m

p
X½mt�

i¼1

�
Yi

�
s1i

ŝs1i
� 1

�
� Zi

�
s2i

ŝs2i
� 1

��
! 0

since

EðamðtÞÞ! 0

and

VðamðtÞÞ ¼ Oðm�1 �m2 � n�4=5Þ

¼ oð1Þ,

and the process defined by am(t) is now negligible with respect to Sm(t).

A.2 A Simulation Study

In this section we describe the CIR model in its multifactor version. We then

describe the SAINTS model of Constantinides (1992). In both cases we provide

the parameter values employed in our simulations.

CIR [Cox, Ingersoll, and Ross (1985a,b)]. In the K-factor CIR model, risk factors

or state variables are assumed to follow independent square-root diffusions:

dxt;j ¼ kjðuj � xt;jÞdtþ sj
ffiffiffiffiffiffi
xt;j

p
dWt;j ð j ¼ 1, . . ., KÞ,

and the instantaneous rate is the sum of K risk factors or state variables,

rt ¼
XK
j¼1

xt;j:

Under the model assumptions, bond risk premiums are affine in the state

variables with associated constants lj, j¼ 1, . . . , K. The price at t of a zero-coupon
bond maturing at time T can then be shown to be exponential affine in the

risk factors

BTðxt;1, xt;2, . . . , xt;KÞ ¼
YK
j¼1

AjðT � tÞexp

�
�
XK
j¼1

BjðT � tÞxt;j
�
,
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where

AjðtÞ ¼
�

2fj;1expðfj;2t=2Þ
fj;4

�fj;3

BjðtÞ ¼
2ðexpðfj;1tÞ � 1Þ

fj;4

fj;1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðkj þ ljÞ2 þ 2s2

j

q

fj;2 ¼ kj þ lj þ fj;1

fj;3 ¼ 2kjuj=s
2
j

fj;4 ¼ 2fj;1 þ fj;2ðexpðfj;1tÞ � 1Þ,
where �lj represents the market price of risk associated with the jth factor.

In our simulations, we use parameter values from Geyer and Pichler

(1999), who have employed a state-space approach to estimate the model

parameters for K¼ 1, . . . , 5. In particular, for the one-factor model and U.S. interest

rate data in the 1964–1993 period, they obtain the following estimates: k1¼ 0.169,

s1¼ 0.321, l1¼�0.201, and u1¼ 6.56. For the two-factor model, they find

k1¼ 0.0718, s1¼ 0.216, l1¼�0.213, u1¼ 4.3, k2¼ 0.783, s2¼ 1.22, l2¼�0.914,

and u2¼ 1.64.

SAINTS [Constantinides (1992)]. In our presentation of the model, we follow

Lu’s (2000) parametrization. State variables are assumed to follow mean-reverting

diffusions:

dxt;j ¼ kjðuj � xt;jÞdtþ sjdWt;j ð j ¼ 1, . . . , KÞ;

where Wt,j is independet Wiener processes. It turns out that under the model

assumptions, both the instantaneous interest rate and yields on bonds of all

maturities are quadratic functions of the state variables:

rt ¼ g�
XK
j¼1

½s2
j þ 2kjujxt;j � 2ðkj � s2

j Þx2
t;j�:

The price of zero-coupon bonds maturing at T¼ tþ t periods is given by

BTðxt;1, xt;2, . . ., xt, KÞ ¼
YK
j¼1

Hjt

0
@

1
A
�1

2

exp
XK
j¼1

ðkj � gÞt

2
4

�
XK
j¼1

ðHjt�1Þx2
t;j � 2ujðekjt � 1Þxt;j � u2

j ðekjt � 1Þ2

Hjt

3
5,

where

Hjt ¼
s2
j

kj
þ
�

1 �
s2
j

kj

�
e2kjt:
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For the one-factor model and U.S. interest rate data (1952–1995), Lu (2000)

reports the following parameter estimates: g¼ 0.0830, k1¼ 0.0799, s1¼ 0.1178,

and u1¼�1.1951.

In Tables A.1–A.5 we report simulation results. Each table reports rejection

rates in percentage points.

Table A.1 (Size) One-factor CIR model; 10 years of daily data.

One-sided test Two-sided test

Yt Zt a¼ 10% a¼ 5% a¼ 10% a¼ 5%

Panel A: Conditioning variable¼ short rate

10 years 6 months 6.4 2.9 10.0 6.6

10 years 1 years 5.9 2.6 7.5 4.5

10 years 5 years 10.3 4.9 9.4 4.9

5 years 6 months 7.0 2.5 10.0 6.6

5 years 1 year 7.2 2.9 7.8 4.7

1 year 6 months 8.4 3.6 8.6 4.6

Panel B: Conditioning variables¼ short rate, term spread

10 years 6 months 7.0 2.6 8.8 5.5

10 years 1 year 8.2 3.8 9.3 5.2

10 years 5 years 9.1 4.2 8.3 5.2

5 years 6 months 7.4 3.5 10.4 6.2

5 years 1 year 8.1 4.2 9.7 5.0

1 year 6 months 6.7 3.4 8.9 5.5

Table A.2 (Size) One-factor SAINTS model; 10 years of daily data.

One-sided test Two-sided test

Yt Zt a¼ 10% a¼ 5% a¼ 10% a¼ 5%

Panel A: Conditioning variable¼ short rate

10 years 6 months 9.2 4.4 9.1 5.4

10 years 1 year 10.1 5.2 8.7 5.1

10 years 5 years 8.7 4.1 7.0 3.9

5 years 6 months 9.7 5.5 10.4 5.9

5 years 1 year 10.9 6.3 11.5 6.4

1 year 6 months 10.0 4.8 9.5 5.4

Panel B: Conditioning variables¼ short rate, term spread

10 years 6 months 8.6 4.2 8.9 5.4

10 years 1 year 8.4 4.4 8.7 4.3

10 years 5 years 9.1 4.8 8.5 5.0

5 years 6 months 8.6 4.1 8.2 4.7

5 years 1 year 9.0 4.4 8.6 4.5

1 year 6 months 8.8 4.3 7.9 4.5
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Table A.3 (Power) Two-factor CIR model; 10 years of daily data (s2¼ 1.22).

One-sided test Two-sided test

Yt Zt a¼ 10% a¼ 5% a¼ 10% a¼ 5%

Panel A: Conditioning variable¼ short rate

10 years 6 months 99.0 98.0 97.7 95.1

10 years 1 year 99.5 98.5 98.2 96.5

10 years 5 years 97.8 94.6 93.7 89.4

5 years 6 months 42.5 28.6 27.6 18.4

5 years 1 year 44.2 30.6 29.5 20.5

1 year 6 months 8.9 4.7 8.4 3.4

Panel B: Conditioning variables¼ short rate, term spread

10 years 6 months 99.6 98.0 97.7 95.3

10 years 1 year 99.2 98.3 98.0 96.4

10 years 5 years 98.3 95.6 95.1 91.7

5 years 6 months 44.2 29.4 27.6 19.4

5 years 1 year 43.2 29.6 28.3 21.3

1 year 6 months 10.2 5.4 10.5 5.7

Table A.4 (Power) Two-factor CIR model; 30 years of daily data (s2¼ 1.22).

One-sided test Two-sided test

Yt Zt a¼ 10% a¼ 5% a¼ 10% a¼ 5%

Panel A: Conditioning variable¼ short rate

10 years 6 months 100.0 100.0 100.0 100.0

10 years 1 year 100.0 100.0 100.0 100.0

10 years 5 years 100.0 100.0 100.0 100.0

5 years 6 months 74.3 61.3 60.4 50.4

5 years 1 year 76.5 65.1 63.4 54.0

1 year 6 months 8.6 4.6 11.2 6.2

Panel B: Conditioning variables¼ short rate, term spread

10 years 6 months 100.0 100.0 100.0 100.0

10 years 1 year 100.0 100.0 100.0 100.0

10 years 5 years 100.0 100.0 100.0 100.0

5 years 6 months 74.2 60.8 59.2 49.8

5 years 1 years 74.6 62.6 61.2 51.2

1 year 6 months 11.0 5.4 8.6 4.0
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